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S O N I C  RADIATION FROM A CIRCULAR PISTON 
W I T H  IMPULSE EXCITATION 

By Leon B e s s  
E l e c t r o n i c s  Research Cen te r  

SUMMARY 


Closed a n a l y t i c  e x p r e s s i o n s  have been d e r i v e d  f o r  t h e  s o n i c  
p r e s s u r e  as a f u n c t i o n  o f  space  and t i m e  when a c i r c u l a r  p i s t o n  
i s  e x c i t e d  so t h a t  i t s  v e l o c i t y  varies wi th  t i m e  as a D i r a c  d e l t a  
func t ion .  These e x p r e s s i o n s  are v a l i d  n o t  on ly  f o r  t h e  f a r  f i e l d  
b u t  a l s o  f o r  t h e  n e a r  f i e l d .  Moreover a number of  t y p i c a l  p l o t s  
of  t h e  s o n i c  p r e s s u r e  v e r s u s  t i m e  f o r  v a r i o u s  s p e c i a l  p o i n t s  have 
been made us ing  t h e  r e s u l t s  of  t h e  c a l c u l a t i o n s .  The b a s i s  of  
t h e  method of c a l c u l a t i o n  i s  t h e  approximation of  t h e  c i r c u l a r  
p i s t o n  by an a r r a y  o f  very  s m a l l  s p h e r e s  uniformly d i s t r i b u t e d  
over t h e  a r e a  of  t h e  p i s t o n .  Each o f  t h e s e  s p h e r e s  are assumed 
t o  have t h e i r  r a d i u s  i n c r e a s e  as a s t e p  f u n c t i o n  i n  t i m e  a t  t h e  
i n s t a n t  of  e x c i t a t i o n .  The s o n i c  f i e l d  f o r  such an e x c i t e d  
sphe re  i s  w e l l  known and i s  r e l a t i v e l y  s imple  i n  form. 

* * * * * * *  

The s o n i c  f i e l d  f o r  a c i r c u l a r  d i s k  wi th  impulse e x c i t a t i o n  
has  been so lved  f o r  d i s t a n c e s  l a r g e  compared t o  t h e  d i s k  r a d i u s  
( r e f .  1) .  For s m a l l  d i s t a n c e s  and d i s t a n c e s  comparable t o  t h e  
r a d i u s ,  t h e  e v a l u a t i o n  becomes t o o  complex when conven t iona l  
methods are employed. 

I n  t h e  work t o  be  r e p o r t e d  h e r e ,  a d i f f e r e n t  approach t o  t h e  
s o l u t i o n  has  been t aken  which a l lows  i t s  e v a l u a t i o n  f o r  bo th  t h e  
n e a r  arid f a r  f i e l d  wi thou t  t o o  much d i f f i c u l t y .  The f i r s t  s t e p
i n  a t t a i n i n g  t h e  s o l u t i o n  i s  t o  i l l u s t r a t e  t h e  c o n f i g u r a t i o n  o f  
t h e  geometr ic  system and t h i s  i s  done i n  F igu re  1. A s  can be 
seen ,  t h e  f l a t  e x c i t o r  d i s k  l i e s  i n  t h e  XY p l a n e  wi th  i t s  c e n t e r  
a t  t h e  o r i g i n .  The f i e l d  measurement p o i n t ,  M ,  l i e s  i n  t h e  Y Z  
p l ane ,  and has  t h e  c o o r d i n a t e s  ( y , z ) .  I t  i s  assumed t h a t  a l l  
p o i n t s  i n  t h e  f r o n t  f a c e  of  t h e  d i s k  move i n  t h e  + z  d i r e c t i o n  
d u r i n g  e x c i t a t i o n ,  and t h a t  t h e s e  p o i n t s  move w i t h  a v e l o c i t y ,  u ,  
g iven  by: 

A s  can be seen  from s tudy ing  Eq. ( l a ) ,  t h e  whole d i s k  f a c e  
suddenly moves a d i s t a n c e ,  A ,  i n  t h e  z d i r e c t i o n  a t  t = O ,  and t h e n  
remains s t a t i o n a r y  t h e r e a f t e r .  ( 6 ( t ) ,  i n c i d e n t a l l y ,  i s  t h e  D i r a c  
d e l t a  f u n c t i o n ) .  
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For  t h e  method adopted h e r e ,  t h e  s t a r t i n g  p o i n t  o f  t h e  whole 
c a l c u l a t i o n  i s  t h e  de t e rmina t ion  o f  t h e  r a d i a t i o n  f i e l d  from a 
very  s m a l l  sphe re .  The r a d i u s  of  t h e  sphe re  i s  t o  suddenly i n ­
crease by an amount, A S .  The assumption i s  now made t h a t  a ve ry  
l a r g e  number of  t h e s e  s m a l l  sphe res  w i t h  t h e i r  c e n t e r s  d i s t r i ­
bu ted  uni formly  ove r  t h e  area of  t h e  d i s k  shown i n  F igu re  1 would 
approximate t h e  a c t i o n  o f  a d i s k  whose t h i c k n e s s  suddenly i n ­
creases by t h e  amount, 2A, a t  t = O .  One d i s k  f a c e  moves i n  t h e  
+ z  d i r e c t i o n  by an  amount, A ,  and t h e  o t h e r  i n  t h e  - z  d i r e c t i o n  
by t h e  s a m e  amount. The j u s t i f i c a t i o n  o f  t h i s  assumption forms 
t h e  basis f o r  t h e  v a l i d i t y  o f  t h e  whole t r e a t m e n t  and w i l l  now 
be gone i n t o  i n  d e t a i l .  

The d e s i r e d  expres s ion  f o r  t h e  s o n i c  p r e s s u r e ,  Pd, f o r  t h e  
p r e s e n t  d i s k  problem must s a t i s f y  on ly  t w o  c o n d i t i o n s .  The f i r s t  
i s  t h a t  it be  a s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i  n u s u a l l y
r e f e r r e d  t o  as t h e  wave equa t ion  ( i . e . ,  V2Pd - ( l / cs ) ( a 2 / a t 2 )  
Pd = 0 ) .  The second c o n d i t i o n  i s  t h a t  Pd s a t i s f y  t h e  fo l lowing  
r e l a t i o n s  i n  t h e  t i m e  i n t e r v a l ,  O < t < & ( 2 / C ) .  

-
Pd = C 6 ( t  k z / c )  f o r  y -< a 

Pd = 0 f o r  y > a ( I C )  

C i s  a c o n s t a n t ,  a i s  t h e  d i s k  r a d i u s ,  C i s  t h e  v e l o c i t y  o f  sound, 
and E i s  t o  be chosen so t h a t  it i s  a ve ry  s m a l l  number ( t y p i c a l l y  
having a va lue  around 1/100). 

The r a d i a t i o n  f i e l d  from a s m a l l  sphe re  has  been t r e a t e d  i n  
s e v e r a l  p l a c e s  ( r e f .  2 ) .  (Th i s  r e s u l t  i s  only  v a l i d  i f  t h e  r a d i u s ,  
ro, of t h e  s m a l l  sphe re  i s  such t h a t  As~ro<<c'r  where -rP i s  t h e  
d u r a t i o n  o f  t h e  e x c i t a t i o n  p u l s e . )  Th i s  cond i f ion  can be s a t i s ­
f i e d  i n  most p r a c t i c a l  cases. The r e s u l t  f o r  t h e  s o n i c  p r e s s u r e ,  
P s ,  as a f u n c t i o n  o f  space  and t i m e  i s :  

where 1-1 i s  t h e  d e n s i t y  o f  t h e  f l u i d ,  and S i s  t h e  s u r f a c e  area o f  
t h e  sphe re .  

S ince  t h e  s o n i c  p r e s s u r e ,  Ps, f o r  a s i n g l e  s m a l l  sphe re  i s  a 
s o l u t i o n  t o  t h e  wave equa t ion  everywhere excep t  on t h e  d i s k ,  t h e  
t o t a l  s o n i c  p r e s s u r e  from a l a r g e  a r r a y  o f  t h e s e  sphe res  w i l l  be 
such a s o l u t i o n  a l s o ,  because it i s  merely t h e  l i n e a r  super -pos i ­
t i o n  o f  a l a r g e  number o f  t h e  f u n c t i o n s ,  P s ,  (and t h e  wave equa­
t i o n  i s  a l i n e a r  d i f f e r e n t i a l  e q u a t i o n ) .  Thus, t h e  t o t a l  a r r a y  
p r e s s u r e  s a t i s f i e s  t h e  f i r s t  cond i t ion  mentioned above. I t  

3 



s a t i s f i e s  t h e  second c o n d i t i o n  a lso,  b u t  t h i s  cannot  become 
appa ren t  u n t i l  t h e  t o t a l  a r r a y  p r e s s u r e  i s  c a l c u l a t e d .  The cal­
c u l a t i o n  has  a c t u a l l y  been performed i n  t h e  t r e a t m e n t  t h a t  fo l lows .  
By t e m p o r a r i l y  s k i p p i n g  ahead, it can be v e r i f i e d  t h a t  t h e  t o t a l  
a r r a y  p r e s s u r e  ( t o  be l a b e l e d  PD) s a t i s f i e d  t h e  boundary condi­
t i o n s  a t  t i m e s  n e a r  t = O .  Thus, it can be seen  t h a t  t h e  PD, as 
determined f r o m  Eqs. (9b)  and ( 1 9 )  show t h a t  it agrees  wi th  Eq. 
( IC) .  Thus, s i n c e  PD s a t i s f i e s  t h e  t w o  c o n d i t i o n s  o f  acceptance  
given above, it fo l lows  t h a t  PD = Pd, t h e  d e s i r e d  s o l u t i o n .  

From t h e  d e s c r i p t i o n  of  t h e  method of c a l c u l a t i o n  g iven  
above, it would appear  t h a t  t h e  s o n i c  p r e s s u r e ,  Po, gene ra t ed  by
t h e  a c t i o n  o f  t h e  d i s k  can be g iven  by t h e  fo l lowing  expres s ion :  

P D ( L , t )  = (q /S)  pi'Ps (g ,t;P I @ 1 Pd@dP ( 2 )  

0 0  

Iwhere p E [X2 + Y 1 ' I2-t a n  @ = (x/y)  ; and q i s  a source  s t r e n g t h  
c o n s t a n t  t o  be determined.  

I n  e v a l u a t i n g  t h e  i n t e g r a l  of Eq. ( 2 ) ,  t h e  @ i n t e g r a t i o n  i s  
t o  be performed f i r s t .  The r e s u l t  o f  t h e  $J i n t e g r a t i o n  i s  dpD
which i s  t h e  p r e s s u r e  wave t h a t  would r e s u l t  i f  on ly  a r i n g  of  
r a d i u s ,  p ,  and width ,  dp, w e r e  e x c i t e d .  Using Eqs. ( 2 )  and 
( I d ) ,  t h e  e x p l i c i t  form of  dpD i s :- 1 

~ 

where r = cz 2  + y2 + p 2  - 2yp cos $ ~ ] 1 / 2  

The e v a l u a t i o n  of  E q .  ( 3 )  i nvo lves  us ing  t h e  p r o p e r t i e s  of 
a Di rac  d e l t a  f u n c t i o n .  I t  can t h u s  be seen  t h a t  dpD#O o n l y  f o r  
t h o s e  va lues  o f  t where t = r/c.  Moreover, s i n c e  only  r appea r s  
e x p l i c i t l y  i n  t h e  argument of  t h e  d e l t a  f u n c t i o n  and t h e  v a r i a b l e  
of i n t e g r a t i o n  i s  $J, a f a c t o r  of  c l d r / d $ J ( - l  must appear .  The 
r e s u l t  o f  t h e  @ i n t e g r a t i o n  of  Eq. (3) i s  then :  

A 

dPD = 0 f o r  t < - r  and t > - c  ( 4 a )
" 
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A

where T G ~ 
2 

Z + y 
2 + p 

2 + 2 y p  
' - r z  lL2 

+ Y 
2 

+ p 
2 - 2 y p  

and c t  =d 2  + y 
2 + p 

2 - 2 y p  cos  G tz 

N o t e  t h a t  t h e r e  are t w o  v a l u e s  of $ t h a t  can s a t i s f y  t h e  G t  
equa t ion .  From Eqs. ( 3 )  and (4b) it fo l lows  t h a t :  

2 - 2 2 - 2  2 2
where D = c t - Y  

L e t  T? be d e f i n e d  so t h a t :  

2 2  2 2c t  = z  + y  + p  - 2pyn 

I t  then  fo l lows  from Eqs. (4b)  and ( 5 )  t h a t :  

2T" D = - ( - 2qlJcAsmJ) & [  1 
( 7 )  

2 P Y d  
I

I t  i s  t o  be noted  t h a t  t h e r e  i s  an e x t r a  f a c t o r  of  2 i n  
Eq. ( 7 )  t o  account  f o r  t h e  f a c t  t h a t  t h e r e  are  t w o  va lues  of  $ 
s a t i s f y i n g  t h e  Q t  equa t ion .  rl i s  9 f u n c t i o n  o f  t on ly  wish 
rl = -1 when t = ;; rl = i when t - T and - l<q<l when ~ < t < - r .  
Equat ion ( 7 ) ,  t h e r e f o r e ,  p rov ides  a m o r e  s u g g e s t i v e  fgrm f o r  dPD. 
F i n a l l y ,  i t  i s  of  i n t e r e s t  t o  n o t e  t h a t :  

I\ 

d t  - 1 dT? ( 8 )  
2 d1 - KT? -r" 

With t h e  use  o f  Eqs. ( 7 )  and ( 8 )  it i s  p o s s i b l e  t o  see t h a t  
f o r  l a r g e  d i s t a n c e s  from t h e  r i n g  ( i . e . ,  where z 2  + y2  > >  p 2 )  t h e  
t i m e  and space  dependence o f  dPD beg ins  t o  resemble t h a t  o f  Eq. 
( l d ) ,  t h e  p r e s s u r e  wave from a s m a l l  sphere .  Th i s  i s  what i s  t o  

be expec ted  and t h e r e f o r e  p rov ides  an accuracy  check on t h e  
c a l c u l a t i o n s .  
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The r a d i a t i o n  p r e s s u r e ,  PD, f o r  t h e  t o t a l  d i s k  can now be 
ob ta ined  by i n t e g r a t i n g  t h e  r e s u l t  f o r  t h e  r i n g  ( i .e .  dPD g iven  
by Eqs. (4a ) ,  (4b)  and ( 5 ) )  w i t h  r e s p e c t  t o  t h e  v a r i a b l e ,  p. When 
t h i s  i s  done, t h e  r e s u l t  can be p r e s e n t e d  i n  t h e  form: 

= 0 when t > 2  and t<tpD v 

A 

'D =('ciAs)k ---;I(F4p2 2  -
PdP 

D 2 
+ p  

" 
A 

f o r t < t < t-
v -

The l i m i t s  of i n t e g r a t i o n ,  p and p̂ w i l l  i n  g e n e r a l  depend on t as 
w e l l  as y. The e x a c t  d e t e r s i n a t i o n  of t h e s e  l i m i t s  i s  r a t h e r  
complicated aGd, t h e r e f o r e ,  must be d e f e r r e d  u n t i l  l a t e r .  The 
t i m e s ,  t and t, are a l s o  t o  be determined.  

v 

I t  i s  p o s s i b l e  t o  perform t h e  p i n t e g r a t i o n  i n  Eq. (9b)  by 
I f  t h echanging v a r i a b l e s  from p t o  CJ so t h a t  CJ = D 2  - p2.  


q u a n t i t y  i n  t h e  s q u a r e  b r a c k e t  i n  Eq. (9b)  i s  des igna ted  as I ,  

then  it can be  shown t h a t  a f t e r  s u b s t i t u t i n g  CJ f o r  p ,  I has  t h e  
form: 

2 
AD2 - p 

V 

do 

- P
A2 d4y2D2 - 4y 2 o o 2-


D 


The i n t e g r a l  of Eq. ( 1 0 )  can be e v a l u a t e d  e x a c t l y  and t h e  r e s u l t  
i s :  

- arc s i n  p' + ZY 
2 

-282 ]  
2 Y  dD + y 

There now remains t h e  t a s k  of e v a l u a t i n g  t h e  l i m i t s ,  p, and 8 .  
I t  can be  seen t h a t  i n  doing t h i s ,  two d i s t i n c t  cases n a t u r a l l y  
arise.  C a s e  I i s  where y l i e s  i n  t h e  range ,  Ozyfa, and C a s e  I1 
i s  where y>a .  C a s e  I i s  t o  be cons ide red  f i r s t  and t h i s  can b e s t  
be done by r e f e r r i n g  t o  F igure  2 .  Th i s  i s  seen as a r e p r e s e n t a ­
t i o n  on t h e  XY p l a n e  of t h e  measurement p o i n t ,  M ,  and t h e  d i s k  
trace (shown by t h e  c ross -ha tched  b a r ) .  There i s  a l s o  a r e p r e ­

6 




s e n t a t i o n  of t h e  d i s k  on t h e  YZ p lane .  Upon s t u d y i n g  t h i s  f i g u r e ,
it i s  appa ren t  t h a t  t h e  p o i n t  on t h e  d i s k  closest t o  t h e  p o i n t ,  M, 
i s  t h e  p o i n t ,  L ,  which i s  t h e  i n t e r s e c t i o n  of t h e  l i n e ,  LM, w i t h  
t h e  surface of t h e  d i s k .  The l i n e ,  L M ,  l i e s  i n  t h e  XY p l ane  and 
i s  p a r a l l e l  t o  t h e  x axis.  I t  i s  obvious t h a t  t h e  minimum t i m e ,  
t ,  i n  t h e  p u l s e  i s  determined by t h e  p roduc t  of ( l / c )  and t h e  l i n e  
zength,  LM. S i m i l a r l y ,  it can be seen  t h a t  t h e  p o i n t  on t h e  d i s k  
having  t h e  g r e a t e s t  d i s t a n c e  t o  M i s  N ,  t h e  Faint a t  t h e  bottom 

-of t h e  d i s k .  Thus, t h e  maximum p u l s e  t i m e ,  t ,  i s  ( l /c )  t i m e s  t h e  
l e n g t h ,  MN. From t h e  above c o n s i d e r a t i o n s  it fo l lows  t h a t :  

t = z /c" 
A 


t = ( l /c )  dz2 + (y  + a l 2  (12b) 


I t  can a l so  be seen  fr2m a s tudy  of  F i g u r e  2 t h a t  f o r  any
given  t ( i n  t h e  range t t o  t ) ,  t h e  l o c u s  o f  a l l  p o i n t s  on t h e  
s u r f a c e  o f  t h e  d i s k  haGing a d i s t a n c e ,  c t ,  t o  t h e  p o i n t ,  M ,  i s  a 
c i rc le  whose center  i s  a t  t h e  p o i n t ,  (O,y,O) and which has  a 
r a d i u s  5 ,  g iven by 

d m * 
I t  fo l lows  from t h i s  t h a t  t h e  minimum r a d i u s ,  e ,  of any r i n g  con­
t r i b u t i n g  t o  t h e  i n t e g r a l  o f  E q .  (9b)  i s  determined by t h e  s h o r t ­
e s t  d i s t a n c e  from t h e  o r i g i n  t o  any p o i n t  on t h e  locus  c i r c l e .  
S i m i l a r l y ,  t h e  maximum r a d i u s ,  c ,  i s  determined by t h e  g r e a t e s t
d i s t a n c e  of  any p o i n t  on t h e  locus  c i r c l e  t o  t h e  o r i g i n .  

From t h e s e  c o n s i d e r a t i o n s  and a s t u d y  o f  F igu re  2 ,  it can be 
shown t h a t  p and 8 are g iven  by: 

v 

c = y + <  f o r C < a - y  (13a)  

where 

Using t h e  r e s u l t s  o f  Eq.  sets (13) and ( 1 4 )  i n  Eq .  (111, t h e  
f i n a l  r e s u l t  f o r  I when y<a  is :  
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I = lT/2 f o r t  < t <  t 
V -

- arc s i n  D~ + 2y 2 - a2I2y dD2 + y2 

where 

For  C a s e  I1 where y > a ,  it i s  p o s s i b l e  t o  determine p and 6 
i n  t h e  s a m e  manner t h a t  t hey  w e r e  determined i n  C a s e  I. "The main 
d i f f e r e n c e  i s  t h a t  i n s t e a d  of  u s ing  F i g u r e  2 t o  determine t h e  

-var ious  geometr ic  r e l a t i o n s ,  F igu re  3 must now be used. J u s t  a s  
i n  Case I, t h e  l e n g t h ,  MN, r e p r e s e n t s  t h e  l o n g e s t  d i s t a n c e  between 
any d i s k  p o i n t  and t h e  p o i n t ,  M. However, f o r  C a s e  11, QN r ep re ­
s e n t s  t h e  s h o r t e s t  d i s t a n c e  i n s t e a d  of  3. From an a n a l y s i s  of  
C a s e  I1 s i m i l a r  t o  t h e  one a l r e a d y  performed f o r  C a s e  I, it i s  
p o s s i b l e  t o  show t h a t  t h e  fo l lowing  r e l a t i o n s  are v a l i d :  

. ­

2 + (y  - a )  2 
V 

p = y - S  f o r  5 < y" 

P = S - Y  f o r  5 > y
" 

p 2  = D2 + 2y2 - 2y d y 2  + D2 f o r  a l l  5 
" 

where 5 = d m ­
*p = a  f o r t < t < 2" 

Using t h e  r e s u l t s  of Eq. sets ( 1 7 )  and ( 1 8 )  t o  o b t a i n  8 and p, 
t h e  va lue  of t h e  q u a n t i t y ,  I, of Eq. (11) can be seen  t o  be ( f o r  
y > a ): 

With t h e  d e r i v a t i o n  of Eq. sets ( 1 5 )  and (19), t h e  q u a n t i t y ,  
I, has been completely determined and, t h e r e f o r e ,  w i th  t h e  use  of  
Eq. se t  ( 9 ) ,  t h e  form of  t h e  p r e s s u r e ,  PD, can be de r ived .  To 
completely de te rmine  PD, however, it i s  necessa ry  t o  f i n d  t h e  
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t 

-1­
tI < 
F i g u r e  3.- Case - y > a  

CASE I ' , Y < a  

CASE II; Y > a  

tv 

Figure 4.- P l o t  of I vs t f o r  Cases I and I1 
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v a l u e  of  t h e  sou rce  s t r e n g t h  c o n s t a n t ,  q. To do t h i s  and a lso t o  
p rov ide  a check f o r  some of t h e  c a l c u l a t i o n s  p r e s e n t e d  above, a 
s imple  s p e c i a l  case of t h e  s o n i c  r a d i a t i o n  f i e l d  i s  now t o  be  
t r e a t e d .  T h i s  case i s  where y = 0 (i.e. M l i e s  on t h e  X a x i s ) .  
H e r e  it i s  obvious t h a t  

t = z/c  and 2 = - d X - 2 .  
v C 

Moreover it fo l lows  t h a t :  

I f  t h e  v a r i a b l e  of  i n t e g r a t i o n  i s  changed from p t o  r ,  and 
t h e  r e l a t i o n  pdp = r d r  i s  used,  Eq. ( 2 0 )  becomes t ransformed to :  

The i n t e g r a t i o n  i n d i c a t e d  i n  Eq. ( 2 1 )  can be r e a d i l y  pe r ­
formed and it produces a p a i r  o f  s t e p  f u n t i o n s .  These become 
d e l t a  f u n c t i o n s  a g a i n  when d i f f e r e n t i a t e d  wi th  r e s p e c t  t o  t so 
t h a t  t h e  f i n a l  r e s u l t  f o r  PD is:  

pD = [ i l /2 )qcuns]  - z / c )  - 6 (t - ( l / c )  ;.'m)j( 2 2 )  

f o r t < t < . 2" 

The r e s u l t  o f  Eq. ( 2 2 )  i s  now t o  be s u b j e c t e d  t o  two q u a l i ­
t a t i v e  checks.  I t  i s  t o  be expected t h a t  when a-ta, t h e  form of  PD 
approximates t h a t  where t h e  p i s t o n  i s  an i n f i n i t e  p l ane  w i t h  a l l  
t h e  s u r f a c e  p o i n t s  moving wi th  t h e  v e l o c i t y  d e f i n e d  by Eq. ( l a ) .
The s o l u t i o n  f o r  t h i s  can r e a d i l y  be ob ta ined  and i s  found t o  have 
t h e  form of  t h e  d e l t a  f u n c t i o n ,  6 ( t  - z / c ) .  I t  can be seen  t h a t  
as a + m ,  t h e  form o f  PD does indeed approach t h e  r e q u i r e d  form of 
6 ( t  - z / c ) ,  s i n c e  t h e  second t e r m  i n  Eq. ( 2 2 )  appea r s  o n l y  a f t e r  
a very  long  t i m e .  Thus, Eq. ( 2 2 )  i s  a b l e  t o  p a s s  t h e  f i r s t  check. 

A s  a second check it i s  t o  be expec ted  t h a t  when z + a ,  PD 
approaches t h e  form ob ta ined  from a p u l s a t i n g  s p h e r i c a l  monopole 
as g iven  by Eq. (Id). I t  i s  t o  be no ted ,  f i r s t ,  t h a t  
[6(u+A)-6(u)gAd/du[6(u)]] when A<<u. Thus it fo l lows  from 
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Eq. ( 2 2 )  when z > > a :  

pD (23) 

S ince ,  i n  t h i s  case z = r ,  it can be seen  t h a t  Eq. (23)  ag rees  i n  
form wi th  Eq. ( l a )  and ,  t h u s  Eq. ( 2 2 )  i s  a b l e  t o  p a s s  t h e  second 
check a l s o .  

I n  o r d e r  t o  de te rmine  q ,  t h e  sou rce  s t r e n g t h  c o n s t a n t ,  t h e  
s a m e  boundry c o n d i t i o n s  used f o r  t h e  s m a l l  s p h e r e  ( r e f .  2 )  can 
be invoked here .  These are  t h a t  on t h e  s u r f a c e  of t h e  p i s t o n  t h e  
r e l a t i o n ,  p du,/dt = -dP /dz ,  i s  v a l i d .  Using Eq. ( l a )  t o  g i v e  

u? and Eq. ( 2 2 )  t o  g i v e  BD, it fo l lows  t h a t  t h e  boundry condi­
t i o n s  r e q u i r e  t h a t  t h e  v a r i o u s  parameters  be r e l a t e d  as fo l lows:  

S ince  t h e  g e n e r a l  expres s ion  f o r  PD g iven  by Eq. (9b)  invo lves  
t h e  e n t i r e  q u a n t i t y ,  (qAs).  t h e  source  s t r e n g t h  c o n s t a n t ,  q ,  i s ,  
i n  e f f e c t ,  determined by Eq. ( 2 4 ) .  

I t  i s  of  i n t e r e s t  t o  n o t e  t h a t  t h e  form o f  PD g iven  by 
Eq. ( 2 2 )  ag rees  w i t h  t h e  PD given i n  t h e  main t e x t  (from Eqs.
( 9 b ) ,  ( 1 5 a ) ,  and ( 1 5 b ) )  when y = 0 .  I t  can be  shown t h a t  f o r  
t h e s e  forms t o  a g r e e ,  I i n  Eq, se t  (15)  must be a f u n c t i o n  such 
t h a t  I = 0 f o r  t < t and t > t;  I = ~ r / 2  f o r  > t > t. This  con­
d i t i o n  i s  sa t i svf ied  by Eq. se t  ( 1 5 )  s i n c e  it r e a 9 i l y " f o l l o w s  from 
Eq. (12b) and Eq. se t  (15)  t h a t  when y = 0 ,  t = t. Thus, Eq. ( 2 2 )  
i s  a b l e  t o  p a s s  t h e  f i n a l  check. 

The f i n a l  t a s k  o f  t h e  t r e a t m e n t  i s  t o  p r e s e n t  t h e  q u a n t i t y ,
d I / d t ,  i n  e x p l i c i t  form. Doing t h i s  r e q u i r e s  a s t r a i g h t - f o r w a r d  
b u t  r a t h e r  t e d i o u s  d i f f e r e n t i a t i o n  of  t h e  q u a n t i t y ,  I .  Without 
p r e s e n t i n g  any of  t h e  c a l c u l a t i o n a l  d e t a i l s ,  t h e  f i n a l  r e s u l t  i s  
g iven  by t h e  fo l lowing  e q u a t i o n s :  

d1 - 0 f o r  t > and t < t (25a)dt- " 

d I  - 1 (G - J) 

d t  2 1;- (G - J ) d  



- -  

where : 
r 1 


d G = c t c t2 1 2 2  - Z  - y  2l 

C a s e  I: y < a. 

2 -
J !  a f o r  t < t < 2-

‘ 2  2 22 y v c  t - 2 

d t  f o r  E <  t < 2 
2y ( c 2 t 2  - 2 2 )  3/2 

Case 11: y > a. 

W i t h  t h e  d e r i v a t i o n  o f  t h e  q u a n t i t y ,  d I / d t ,  t h e  s o n i c  radia­
t i o n  f i e l d  has  now been completely determined.  The c h a r a c t e r  o f  
t h e  f i e l d  can probably be b e s t  ob ta ined  by s u b s t i t u t i n g  i n  t h e  
p e r t i n e n t  equa t ions  above t o  g e t  a p l o t  of I ve r sus  t f o r  d i f f e r ­
e n t  va lues  of x and z .  This  o p e r a t i o n  has  been c .a r r ied  o u t ,  and 
t h e  r e s u l t s  are g iven  below. However, it i s  f e l t  t o  be m o r e  
i n s t r u c t i v e  t o  f i r s t  o b t a i n  a rough q u a l i t a t i v e  d e s c r i p t i o n  o f  
t h e  s o n i c  f i e l d  from t h e  s tudy  o f  t h e  p e r t i n e n t  equa t ions .  

Before proceeding  wi th  t h e  d e s c r i p t i o n ,  it i s  necessary  t h a t ,  
as an a i d  t o  t h e  d i s c u s s i o n ,  a rough g e n e r a l  p l o t  o f  I ve r sus  t 
f o r  bo th  Cases I and I1 be made. Th i s  i s  done i n  F igure  4. I t  
can be  seen  from t h i s  f i g u r e  t h a t  it i s  n o t  necessary  t o  c a l c u l a t e  
d I / d t  f o r  t h e  t i m e  i n t e r v a l ,  t < t < t, i n  C a s e  I ,  s i n c e  i t  always 
has t h e  same form i n  t h i s  i n t g r v a l .  

From Eq. ( 2 2 )  it can be seen  t h a t  when y = 0 ,  PD i s  i n  t h e  
form of  two d e l t a  func t ions  desp laced  i n  t i m e  w i th  r e s p e c t  t o  one 
ano the r .  Th i s  i s  t o  say  t h a t  when t h e  p i s t o n  i s  e x c i t e d  by a 
very  sha rp  t i m e  p u l s e ,  t h e  p r e s s u r e  waves it gene ra t e s  on t h e  x 
a x i s  w i l l  a l s o  be  sha rp  pu l ses .  Off the x a x i s  b u t  f o r  y < a ,  

1 2  
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t h e  PD ver sus  t p l o t  remains t w o  p u l s e s  d i s p l a c e d  i n  t i m e  and t h e  
l e a d i n g  p u l s e  s t a y s  s h a r p  ( i .e.  it i s  a d e l t a  f u n c t i o n ) .  The 
l agg ing  p u l s e ,  however, g e t s  spread  o u t  ( t o  a p u l s e  d u r a t i o n  o f  
around a /c) .  Th i s  r e s u l t  i s  perhaps  t h e  most impor tan t  one i n  
t h e  whole t r e a t m e n t  s i n c e  it accounts  f o r  t h e  f ac t  t h a t  s h a r p  
p u l s e  e x c i t a t i o n s  can produce s h a r p  s o n i c  p u l s e s  ove r  extended 
r eg ions .  

When t h e  measuring p o i n t ,  M ,  i s  f a r  o f f  t h e  x a x i s  ( w h e r e  
y 	 > a )  it i s  found t h a t  bo th  t h e  l e a d i n g  and l a g g i n g  p u l s e  i s  
sp read  o u t  w i t h  p u l s e  d u r a t i o n s  of  t h e  o r d e r  of  ac. Moreover, 
as y becomes l a r g e r ,  t h e  ampl i tude  of t h e  p u l s e  (as w e l l  as t h a t  
o f  t h e  q u a n t i t y ,  I )  d e c r e a s e s  i n  va lue .  

A s  mentioned above, t h e  d e r i v a t i o n  o b t a i n e d  h e r e  has been 
used t o  p r e p a r e  p l o t s  of I v e r s u s  t and ( d I / d t )  ve r sus  t f o r  
v a r i o u s  s p a t i a l  p o i n t s .  F igu res  5 ,  6 ,  and 7 g i v e  I v e r s u s  t and 
F igures  8 ,  9 ,  1 0 ,  11, and 1 2  g i v e  ( d I / d t )  v e r s u s  t. These c u r v e s  
are s e l f  e x p l a n i t o r y .  F igu re  1 2  e s s e n t i a l l y  g ive$  a p i c t u r e  of 
t h e  "wave f r o n t "  a t  t h e  i n s t a n t  of t i m e ,  t = ( 4 . 0 )  ( a / c ) .  T h e  
v e r t i c a l  arrows i n  t h e  above f i g u r e s  i n d i c a t e  D i r a c  de l t a  
f u n c t i o n s .  
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